A simple, anomaly-free chiral gauge theory can be perturbatively quantized and renormalized in such a way as to generate fermion and gauge boson masses. This development exploits certain freedoms inherent in choosing the unperturbed Lagrangian and in the renormalization procedure. Apart from its intrinsic interest, such a mechanism might be employed in electroweak gauge theory to generate fermion and gauge boson masses without a Higgs sector.
Introduction
There is a widespread, plausible view that the Standard Model is a low-energy effective theory and that the Higgs boson might not exist (see Marciano [1] , Cohen-Tannoudji & Picard [2] , Leil & Moretti [3] ). The simple model given in this paper is intended to illustrate a proposed method for giving mass to gauge bosons which does not require Higgs fields nor new particles such as technifermions or preons.
The mass mechanism presented here might be usable in a fundamental theory or in a lowenergy effective field theory. An effective theory need not be renormalizable (Cao [4] , Schweber [5] , Weinberg [6] ). The model is renormalizable to one loop, indeed to several loops, giving mass to the gauge boson; and it appears to possess the renormalizability to all orders of QED.
(The meaning of this statement is clarified below.) The model branches into two cases, in which renormalization proceeds somewhat differently. We discuss the model's unitarity briefly at the end of this Introduction.
The effective Lagrangian density of the model, including gauge-fixing and ghost terms, is
5 γ 5 ]ηA µ .
which has been obtained from a chiral-and gauge-invariant classical L in the path integral formalism. (We have allowed for a renormalization Z 4 of the gauge-fixing term, which is a standard feature of quantum gauge theories.) There are no mass terms in A µ A µ ,ψψ orηη. In section 2, we see that the effective action S eff = d 4 xL eff is invariant under a U (1) L,R BRS transformation. This is a gauge theory. For f = 0, its U (1) L,R invariance does not permit L or L eff to contain mass terms. It might appear that, as a result, L eff must define a theory of massless particles. However, we recall counterexamples: the standard electroweak theory in its initial form does not contain vector boson mass terms of the form M 2 A µ A µ , yet the theory gives massive W , Z bosons; and for the QED Lagrangiañ
in 1 + 1 spacetime dimensions, Schwinger [7] gave an exact solution in which the only physical particle is a massive vector boson (see Coleman, Jackiw & Susskind [8] , and, for recent work, Saradzhev [9] ).
We show that L eff can give, in perturbation theory, a massive boson, and in the first case below (Case 1), massive fermions. This is achieved by making an unconventional choice for L 0 in the decomposition L eff = L 0 + L 1 , followed by novel renormalizations in the two cases.
Of course, just as in QED, QCD and standard electroweak theory, while the effective action S eff = d 4 xL eff is BRS invariant, the partial actions S 0,1 = d 4 xL 0,1 , are not, so that gauge invariance implies nothing directly about the choice of L 0 . Ultimately, that choice must lead to a gauge-independent S-matrix.
A quantum field theory usually starts with the quantization of free fields, with interactions later added as perturbations. It is the norm to recognize as L 0 the naïve quadratic part L n−quad of some given L (subject to a qualification given below), rather than to quantize from some other L 0 , i.e., from L 0 = L n−quad + χ. In QED at least, L n−quad is the free-field form quantized as the first step in the theory. (In the QED context, the qualification is that, when loop infinities are encountered, the quadratic mass term mψψ in L QED is split into m physψ ψ, to be in L 0 , and δmψψ, to be in L 1 ; similarly, it is common to introduce Z 3 , in Z 3 F µν F µν , and split that term into F µν F µν , to be in L 0 , and (Z 3 − 1)F µν F µν , to be in L 1 , and similarly introduce other Z i factors.) For example, given the form (2), it would be conventional to takeL 0 to be the naïve quadratic part ofL and expect the theory to be massless QED, yet, for (2) in 1 + 1 dimensions, the Schwinger model shows that the massless solution is not the only one possible.
We propose as a decomposition of L, L 0 + L 1 , in which L 0 contains fermion and gauge boson mass terms. We place the mass term
with m 1 < m 2 , in L 0 , and place −χ in L 1 , so that L eff is unchanged and the U (1) L,R invariance is unaffected. The chiral and gauge symmetries are broken in L 0 , however. We make the choice
(since ψ L i∂ /ψ L +ψ R i∂ /ψ R =ψi∂ /ψ, and similarly for η). After establishing the U (1) L,R invariance in Section 2, we discard the c * , c fields, which are not coupled to A µ and play no further part in the model, so that we may omit them from (4) . It might appear that the (χ, −χ) step is nugatory, since mass terms from χ in L 0 and −χ in L 1 cancel in the denominators of the full, 
. It is easy to show, using Pauli-Villars or dimensional regularization (discussed below) that, with at least m 2 nonzero, the fermion loops generate a mass term g µν ρ(k 2 ) in the boson self-energy tensor, which is of the form
where ρ(k 2 ) is defined not to contain a factor k 2 , and where, at least to one loop, τ (k 2 ) = 0.
Similar mass terms appear in π µνW , π µνZ in standard electroweak theory (see Aoki et al. [10] [13] ). This regularization is used in standard electroweak theory by Aoki et al. [10] , and in recent calculations to two and three loops by Avdeev et al. [14] and Chetyrkin et al. [15, 16] . At one loop, the divergent part of ρ(k 2 ) is (using the propagators given in Section 2)
Since no gauge boson mass counterterm can appear in L, ρ 2ǫ cannot be canceled. (The development in the paper makes it clear that, accordingly, with our choice of L 0 , L could not lead to a theory containing a massless boson.) Note that ρ 2ǫ vanishes as f → 0, or if both m 1 , m 2 are zero, so that the generation of gauge boson mass is essentially chiral in nature.
If the renormalization gives the boson a mass M such that the boson is stable, M < 2m 1 , then we have a model of stable particles, since the interactions in L 1 ensure that the fermions are stable. For the LSZ S-matrix reduction formula [17] to hold in the renormalized theory, the renormalized masses must equal the masses in
In standard electroweak theory, a well-known unitarity-based argument leads to the existence of a Higgs boson or some equivalent [18, 19] . In a theory of real, stable particles making use of the mass mechanism proposed here, a similar argument would require the putative physical theory to contain a Higgs-like scalar field (but without a φ 4 term to generate a nonzero v.e.v.
and masses) or an equivalent.
However, the only known massive elementary bosons are the unstable W and Z bosons, so it is the case of an unstable boson that is of major interest. If we generate a mass that makes the boson unstable, then, with on-shell renormalization, its mass M is complex, i.e.,
(For the complex mass of the Z boson see [20, 21] .) However, the usual perturbative or LSZ [22] formalism does not accommodate unstable particles in a consistent way (see [23, 24] and the comments of Section 7 below). Questions of gauge invariance, unitarity and the complex Z mass pole have been discussed recently by Papavassiliou & Pilaftsis [25] , Philippides & Sirlin [26] and Passera & Sirlin [27] . In this paper we use the standard perturbative formalism when there is an unstable particle present (which is done in the Standard Model); however, without delving any further it seems clear that, when there are unstable particles in a theory, we cannot use the standard perturbative formalism to discuss unitarity, and we postpone consideration of this question.
U (1) and Chiral Invariance and Propagators
The effective Lagrangian L eff is given by (1) . It contains a boson field A µ , ghost fields c * , c and two fermion fields ψ, η. The factors Z i = 1 − c i define the counterterm parameters c i .
Since we work in d = 4 − 2ǫ dimensions,ĝ in (1) isĝ = gµ ǫ , where g is dimensionless and µ is a scale mass; however, hereafter we drop this distinction and use g to denote g orĝ. Of course, g is to be understood where appropriate.
The primary interaction term is
We see that the two anomalous fermion triangle divergences cancel, because of the −g, g couplings to A µ , and that the fermion quadrangle loops (applying an argument similar to that of Jauch & Rohrlich [28] for QED) and higher polygon loops are convergent. Note that in the limit of f → 0, the theory becomes a massless, two-fermion QED.
It is straightforward to transform in the usual way to ξ
where τ is an infinitesimal Grassmann number and
Accordingly we have a U (1) L,R gauge theory. In addition, L is invariant under the chirality transformation ψ → e iαγ5 ψ, η → e iβγ5 η with α, β constants. The U (1) L,R invariance, with do not couple to A µ , we omit them from this point onwards.
As discussed in the Introduction, we place the mass term χ given by (3) in L 0 , to obtain (4), and −χ in L 1 ; so that the invariances of L and the action are unaffected . We see that L 0 does not possess the chiral invariance of L, and that, similarly to the situation in QED, QCD, By means of either path integral or canonical quantization, we obtain the propagators
The propagators, and the topology of the Feynman diagrams generated by L 1 , are essentially the same as those of QED with two fermions, and the usual power-counting analysis (see Weinberg [29] , Bjorken & Drell [30] ) shows that the degree of divergence of an arbitrary diagram is the same as that of a similar diagram in QED; the model is probably renormalizable.
In line with the results of calculations beyond one loop in QED and QCD in the literature and the discussion of the two-loop case given by Collins [31], we assume that, in this model, the
, and
with α 2n real, and that the general vertex part is gγ
in which the α 2n , β 2n,σ are finite (ignoring any infrared divergences) and the α 2n are indepen-
For π, τ , ρ etc. we write
with m some chosen mass, and (∂/∂k
. We see from (12), (13), (14) that, as
The Dyson-Ward multiplicative renormalization program (see Kaku [32] ) starts from an L QED not containing counterterms. Other programs use counterterms (or, equivalently, the BPHZ subtraction of integrands (see [33] ), which leads to counterterms) to cancel divergences order by order, or within every subgraph of a graph: then the
in (12) become independent of k 2 , and similarly the β 2n,σ (p, p ′ ), for σ > 0, in (13) become independent of (p, p ′ ). The subtractions used in Case 1 of this paper effect only a partial cancellation of loop divergences, so that the problem of renormalizing Case 1 of the model to all orders resembles the problem in the Dyson program for QED. In Case 2 the counterterms are used to effect a complete cancellation at each order.
Renormalization of the Boson Propagator
We sum the series
for the full improper boson propagator, whereπ σρ is defined bŷ
with π µν given by (5). We take m A to be O(g) or zero, f = 0, and m 2 2 > 0, so that ρ(k 2 ) = 0 at one loop. Then, in the usual way, the sum is given correctly to any given O(g n ) by
where
The second m 2 A in the denominator of (18), coming from −χ in L 1 , cancels the first m 2 A , which comes from the leading denominator of the propagator (10), so that the denominator of (18) is
We renormalize the boson propagator to have the primary pole mass M given by
where M 2 is arbitrary, with δ = 0 if the boson is stable (i.e., if M < 2m 1 ), while if it is unstable we take δ to be
with δ 2 , . . . arbitrary. Then M is independent of the gauge parameter ξ.
We expand d about k 2 = M 2 (cf. the usual expansion of a fermion propagator denominator
in which
and
is finite. It turns out that Z 3 , real, is the renormalization factor. We have distinguished Z 3 from the factor (1), although the same symbol is often used in the literature. In Case 1, which
Case 1 is specified by the condition that m 1 , m 2 be fixed and independent of ξ (the usual mass renormalization conditions), with at least m 2 = 0 and the condition (51). To obtain the desired pole at k 2 = M 2 , we choose c 3 order by order such that
i.e., at O(g 2n ) we take
This choice of c 3 lies between the "c 3 = 0" of Dyson-Ward QED, and the choice c 3(2n) = [π 2n + finite quantity] that we would make in a conventional subtraction method (such as MS or minimal subtraction, in which the purely divergent part is fully cancelled). In Section 4 we
with B arbitrary. Then the final term in (28) is M −2 ρ 2n+2 .
We need to define the
of like quantities for fermions and vertices. The n-loop contributions to π, ρ have leading terms (6) , (12)); however, in Section 4 we take m 1 = β 1 g, 
term is less divergent than the other terms in (27) . Since π
see from (28), (24) that c 3 → ∞, Z 3 → 0 as ǫ → 0, and it is easy to show that Z 3 Z 3 = 1. Using (24) and (27), (25) reduces to
which, on taking the numerator and denominator to the same O(g 2n ), is O(ǫ), since then π I ,
Similarly, we find that
and that
It is easy to see that this reduction, to give (31), goes through if (27) , (28) only hold for the leading divergent O(g 2n ǫ −n ) terms in π 2n , M −2 ρ 2n+2 (then c 3(2n) has the simple form
To deal with Q(k 2 ), given by (19), we write π(
, where π L is the sum of the leading divergent terms, of O(g 2n ǫ −n ), real and independent of k 2 ; and similarly we write
and similarly for ρ L , ρ R , we see that (27) , (28) give
We choose c 4 to be, order by order,
where λ is real and arbitrary. Then (19) is
In the limit ǫ → 0 this becomes, using (32) and the vanishing ofπ/π LS ,τ /π LS andρ/π LS ,
provided that ξ = 0; however, we can now take the limit ξ → 0 in (35), so that it holds also for ξ → 0. (It is not so simple just to put ξ = 0 in (34), since L eff , given by (1), is then not defined.)
From (19) , (31), (35) the renormalized propagator is
which is independent of the gauge parameter ξ. It has the form of the W , Z propagators in standard electroweak theory, but with ξ replaced by the arbitrary λ. It is known that the secondary poles at k 2 = ξm 2 in the W , Z propagators do not contribute to S-matrix elements in the Standard Model. This might also be the case for the pole at k 2 = λM 2 here; in any case we can, in any gauge ξ, choose λ = 1, to obtain the simple propagator
As an alternative to (33) we can choose a more divergent c 4 , such as
Then, by (19) , Q(k 2 ) → −k −2 as ǫ → 0, and we obtain, in any gauge ξ, the propagator (36) but with λ = 0.
At one loop we find, with m 1 = β 1 g, m 2 = β 2 g, M = Bg, and using the formal totallyanticommuting γ 5 discussed in the Introduction, and our convention defining π 2n , ρ 2n , that
Fermion Propagators and Masses
The full improper ψ propagator is given by the series
in which Σ 1 is given by the self-energy −iΣ 1 , and we write
the first m 1 is from −χ in L 1 , and κ 1 = κ
1 + κ
1 γ 5 , where, from (1), κ
. Similarly we write a 1 = a
1 γ 5 . We take f = ±1
(in addition to the condition f = 0 imposed in Section 2), so that at one loop, b 1 (p 2 ), and
To be able to sum the series in (44) and that for iS F η in the usual way, we need m 1 , m 2 to be O(g j ), j > 0. We make the choice
to obtain, correctly to any given order O(g n ),
where we have dropped the subscript "1" temporarily. Using
where the cancellation of −m, m from −χ, χ in L 0 , L 1 may be seen; however, the presence of m in the propagator i(p / − m) −1 has been responsible for the generation of the mass term
, withb dimensionless and possessing leading g 2n ǫ −n terms independent of p 2 .
We expand each of a(p 2 ), b(p 2 ) in the form
where R(p /) depends on observing the order of factors shown. We expand about p / = m because the renormalized mass m R (m 1R ) must equal the initial mass m (m 1 ) in (44), since the ψ fermion is stable and we wish the S-matrix reduction formula to apply. We obtain
In Case 1, we choose κ 1 , κ
1 to satisfy [a
in which we have explicated the γ 5 parts and re-instated the subscript "1". Since c 2L , c 2R =
1 , we obtain
Then (48) becomes, using (AB)
where, from (50) and (51), the renormalization factor is
which contains γ 5 , and is real. Since b 1 (m 2 1 ) is the dominant divergence in (54), Z 2 → 0 as ǫ → 0, so that the renormalized propagator is, from (53), as ǫ → 0,
The renormalization factor Z 2 appears to the right of iS The renormalization of the η propagator is formally the same, involving κ 2 , a 2 , b 2 , leading to equations for c 6L , c 6R , iS R F η and the renormalization factor Z 6 analogous to (52), (55), (54).
We can interpret the result that Z 2 , Z 6 contain γ 5 by saying that, similarly to the situation in standard electroweak theory (see [34] ) the left and right components ψ L , ψ R ; η L , η R are renormalized differently, since, writing Z 2 =Z 2 (1 + Bγ 5 ) withZ 2 , B free of γ 5 , (53) becomes (putting Z 2 = 0 in the denominator)
At one loop, we find that a 1,2 , b 1,2 for ψ, η are
where β is β 1 , β 2 for the ψ, η self-energy loop, T = m
) with m 1 , m 2 for m, and the terms (ξ − 2), (ξ − 3) arise from the relations g µν g µν = d,
It appears to be the case that the development in section 3 and this section goes through if (46) is replaced by
in place of (29) . We have taken m A to be O(g) or zero: it appears that the development goes through if m A is O(g ℓ ), ℓ ≥ 1; however, if the boson is to be stable and the LSZ reduction formula to hold, we must have m A = M , and so ℓ = j.
The Vertices
We assume that it is possible to write out the sequence of all possible skeleton diagrams, up to any given order O(g 2n ), for a given matrix element S fi ; with the definition that, for this model, a skeleton diagram contains no self-energy insertions and no vertex loops, which means no subgraphs with only two "external" lines and none, except for point vertices, with three "external" lines. We then replace each propagator and point vertex by the full improper propagator and full vertex part, each taken to an arbitrarily high order. We assume that each such propagator self-energy and vertex part comprises well-defined, finite integrals in d = 4 − 2ǫ dimensions, which we can evaluate unambiguously, and that we can assign the counterterms order by order in such a way as to effect the partial cancellation of the divergences in π and a(p 2 ) that we have made above, at each order O(g 2n ). We gloss over the problem of overlapping divergences (see Kaku Proceeding from these assumptions, we continue with Case 1. We assert that, when the full propagator and vertex parts are inserted at each ψψA vertex in a skeleton diagram, we obtain the product
, and we take Z and that we assume Z 3 > 0 for ǫ = 0.) We renormalize the appropriate group of factors to the simple vertex matrix −ig R γ µ (1 + f γ 5 ), with g R = g at some mass scale µ = µ 1 . In Case 1, we define g to be independent of ξ.
We write
] −1 , and
in which the series for d (1) , d (5) follow from the series for Z −1
given by (54), (24), with µ = µ 1 . The insertion of all (1, . . . , n)-loop subdiagrams that can contribute to the vertex leads to an "n-renormalized" coupling −igγ µ M R , where, anticommuting the γ
in which the subscript (s2n) indicates that only the components of
σ ≤ n, are to be included. With t representing (f γ 5 − c 1 − f c
1 γ 5 ), we can write
where v, V are defined by
in which q is an arbitrary fixed momentum. The leading divergence of V (p 1 , p 2 ) at each order (see (13)) is real and independent of (p 1 , p 2 ), and so is contained in v; consequently, ( V /v) (s2n) → 0 as ǫ → 0, and since c 1 , c
1 as determined below do not cause t to cancel the divergences of v,
. Then (60) reduces to
We see that if we take the O(g 2σ ) components of c 1 , c
1 to be
(determined together with the other c i in the usual order by order way), then (64) reduces to
so that, to any given O(g 2n ), we have renormalized the vertex matrix to be −igγ
is easy to see that it is sufficient for (65), (66) to hold only for the g 2σ ǫ −σ components; so that
1(2σ) need only be of the formĉ 2σ g 2σ ǫ −σ .
We renormalize the ηηA vertex to be +igγ
5 .
The set of equations (28), (33), (or (38)), (52), (65), (66) and the analogues of (52), (65), (66) for η-field counterterm parameters enable us to determine c 3 ,
1 , c 6L , c 6R , c 5 and c (5) 5 order by order. At O(g 4 ) and higher, the calculation of π, τ , ρ, a 1 (
includes diagrams containing counterterm vertices
carrying the values of the c i(2σ) at lower orders, σ < n. These equations then give the values of the c i(2n) .
In Case 1, with f = 0, ±1, we have a model which, on renormalization to at least one loop contains a boson of mass M and fermions of masses m 1 , m 2 and which may be renormalizable to all orders. If it is not, we then regard it as illustrating a mass mechanism applicable in a non-renormalizable effective field theory.
The propagators (36), (55) and the similar iS F η (p /), and the renormalized coupling g R = g, and so the renormalized theory and S-matrix elements, are independent of the gauge parameter ξ.
The Second Case
In Case 2, we have a chiral (f = ±1) theory of a massive boson and two massless fermions.
We make m 1 , m 2 → 0 as ǫ → 0 in such a way that ρ(k 2 ) → a finite quantity, and we are then able to make a complete subtraction of the divergent parts of π, i.e., we take c 3ǫ = π 3ǫ . We take f = ±1, so that b 1 (p 2 ), b 2 (p 2 ) = 0 and the renormalized fermion masses vanish, m 1R = 0, m 2R = 0 (in the four-dimensional limit m 1R = m 1 = m 2R = m 2 = 0 and the S-matrix reduction formula is applicable), and we make complete subtractions of the divergent parts of a 1 , a 2 , (i.e.,
we take κ
for each of ψ, η) and of the divergent vertex parts. We thus remove all divergent quantities. Our proposed renormalization in Case 2 is then closer to standard methods (the M S scheme) in which divergent parts are fully cancelled.
Coupled to massless fermions, the massive boson that we obtain must be unstable, and so should have a complex mass M; which cannot equal the real mass m A . Then the Smatrix reduction formula cannot apply to the renormalized propagator, as discussed in the Introduction, so that there is no obvious objection to starting from m A = 0.
With m A = 0 and m 1 → 0, m 2 → 0 as ǫ → 0, we have an L 0 that in the four-dimensional limit is the conventional massless L 0 discussed in the Introduction. We obtain a boson mass M by the way in which we approach the massless L 0 at d = 4 from d = 4.
The boson propagator
We renormalize the boson propagator to have its primary pole at k 2 = M 2 , with M 2 again of the form (22) with M 2 arbitrary, but, now, with δ to be determined. In place of (23) we
is the renormalization factor, and the factor
contributes to the running with energy of the renormalized coupling parameter g R . In place of (27) we impose the mass condition
Since ρ(k 2 ) has dimension m 2 and m A = 0, it is clear that ρ must be of the form
(72) with theρ ij dimensionless. We simplify the algebra by taking m 1 = 0 and writing m 2 = m, with m → 0 as ǫ → 0; the extension to m 1 , m 2 → 0 is easy to make. So we have
In Section 4 we took m to be
Then from (71) we see that M 2 , and so
In Case 2 we cancel every divergence order by order by means of choices for the counterterm parameters c i and of the dependence of m on g, ǫ.
With cancellation complete to O(g 2n ),
going to O(g 2n+2 ) gives new divergences which are real and independent of momenta (k 2 , or (p, p ′ )), so that the new divergent parts may be removed by choices of the components of the c i of this order, in the usual way. Then only the finite parts
are functions of k 2 and complex, and, writing π(k 2 ) in terms of its real and imaginary parts,
is finite. To cancel the divergent part of π(k 2 ) we take
order by order, so that
with π f (M 2 ), c f 3 finite, so thatπ R ,π I are finite and real. We choose m so that that ρ(M 2 ) is finite and (71) holds.
whereρ L is the leading α 2n g 2n ǫ −n divergent part ofρ(M 2 ) and is real and independent of M 2 , and, to any given order O(g 2n ), ρ 1 (M 2 )/ρ L → 0 as ǫ → 0, as in (15) . It may be verified that the development that follows is not affected by dropping this term, and we can
Using (21), (74), we write (71) as 1 +π
from which it follows that
We choose m 2 to satisfy (78), i.e.,
, is an order-by-order parameter (and L 0 is as well-defined as is L eff ). A calculation ofρ L , π to n loops gives δ, m 2 correctly to O(g 2n ) by (77), (79), so that m 2 , like c i , is given recursively. However, we are only interested in the ǫ → 0 limit, when m 2 → 0, and need not develop m 2 as a series in g 2 in this paper.
From (77) we can obtain a ξ-independent value for δ, so that the pole mass M is not gauge dependent. While π(k 2 ) is a function also of ξ, we notice that its one-loop (two fermion loops)
We write (77) as
and we choose the O(g 2n ) components c 
i.e.,
It is sufficient to satisfy (82) in the limit ǫ → 0, when m 2 → 0 and its g-dependence drops out. 
exactly, to all orders in g 2 .
The η-fermion loop makes a contribution to π 2 (k 2 ) of
where ǫ ′ (→ +0) is the infinitesimal that appears in the denominators of the propagators (10), (11) . For k 2 real and k
on the principal sheet of the function. Remaining on the same sheet for the argument k 2 = M 2 (1 − iδ) as δ increases from zero (passing through the cut conventionally placed on the negative real axis), we see that, as
where tan −1 δ takes its principal value (exemplified by tan −1 0 = 0). From (84), (86) we obtain
The ψ-fermion loop makes an equal contribution. Then (83) is
exactly, to all orders in g 2 ; so that δ is independent of ξ, M 2 to all orders. We need not develop δ as a series in g 2 in this paper. It is easy to show that δ is a monotonic function of g 2 satisfying
with δ approaching these bounds for g 2 → 0, ∞; and that δ = 1 for g 2 /3π = 4/5. Since δ is independent of ξ, and M is arbitrary, the pole mass M = M (1 − iδ) 1/2 is independent of the gauge.
With π(k 2 ) − c 3 (to any given order) and ρ(k 2 ) finite and complex, we see from (21), (69), (70) that Ω −1 3 F is finite, nonzero and complex. Factoring it out (to contribute to the renormalized coupling parameter g R in section 6.3) we see from (18) etc. that the renormalized propagator is
in which Q(k 2 ) is given by (19) . We write τ (k 2 ) (which might vanish to all orders, as it does
. We choose
which is independent of ξ and reminiscent of the electroweak W , Z propagators in Landau gauge.
The fermion propagator
We take f = ±1, so that b 1 (p 2 ) = b 2 (p 2 ) = 0 to all orders. We treat the case f = −1;
With full subtraction of all fermion, boson and vertex divergences order by order, the divergent part d ǫ of d(p 2 ) at any order is independent of p 2 , and we take, to effect the full subtraction (in a(p 2 )) at that order,
for ψ, and similarly for η, so that
In each case, 1 + a(
finite, and the full improper propagator is, from (48),
on using (AB)
We see that
that the renormalized ψ, η propagators are each
and that the factors
contribute to the running of g R . Adding finite parts to c 2L , c 6L adds constants to d
The vertices
Continuing with the f = −1 case, we renormalize the ψψA vertex, which is
is the complex vertex part, p, p ′ are the fermion line momenta and
We take
in which we write the finite part of c 1 as c, and choose c 1ǫ to cancel, order by order, the divergent
V ǫ is real and independent of p, p ′ with the full subtraction, order by order, of divergent parts that we make in Case 2. Then we have
is the value of Γ µ at some chosen renormalization point p = p ′ = P , and
carries the running of Γ µ (p, p ′ ) with energy.
where u, w, α, β are real, O(g 2 ) series in g 2 with finite terms; and we write each of u, w, α, β in the form u = u (2n) , n > 0, with u (2n) of O(g 2n ). From (103), (104), (106), (107) we have
We consider three possible sub-cases. In Case 2.1 we have a real renormalized coupling constant g R (for p = p ′ = P ) at the same time as a complex boson mass. With
(108) requires that
which determines c order by order; thus
and so on (in general, β 2 = 0). With (109) and (110), (108) becomes
a series of finite terms. (We recall that in QED without a c 3 F µν F µν counterterm, one obtains a series for g R formally like (114) but with divergent terms; see [37] .) The ξ-dependence of r 1 , r 3 , . . . follows from the ξ-dependence of w, α, β. If r 1 (ξ) = 0, we may revert this series to
Taking the renormalized coupling constant g R to be an arbitrary real, ξ-independent number, the unrenormalized g that appears in L eff is then g = g(ξ), given by (115). If, however, r 1 (ξ) = 0 for ξ = ξ 1 , but r 3 (ξ 1 ) = 0, then the reversion gives g(ξ 1 ) = g 
in which r n = r n (ξ 1 ); while if r 1 (ξ 2 ) = r 3 (ξ 2 ) = 0 but r 5 (ξ 2 ) = 0, we obtain an expression for g(ξ 2 ) in powers of g
1/5
R , and so on. We see that, for a given g R , g(ξ) might possess discontinuities at certain values of ξ.
In Case 2.2 we take
with g R , θ real and independent of ξ, and with 0 < θ < π/2. On imposing the relation
(108) becomes
and then, using |g R e iθ | 2 = g 2 R and taking the positive square root of each side of the equation
, we obtain
From (118) we obtain c order by order:
and so on. From (111), (112), (121) and (122) we see that Case 2.1 is not the limit of Case 2.2 as θ → 0. That limit does not exist, since cot θ diverges as θ → 0. These two subcases are distinct renormalizations. From (120), (121), (122) etc. we have
where s n = s n (ξ) = s 1n sec θ + s 2n cosec θ. As before, we take g R to be independent of ξ and revert (123) to obtain a form analogous to (115)
unless ξ = ξ 1 is such that s 3 (ξ 1 ) = 0, in which case we proceed as indicated in Case 2.1 above.
There might also be a Case 2.3, defined by
containing g, not g R , with θ(g 2 ) real; for then (108) and (125) lead to
which determine c order by order provided that
We do not investigate this condition in this paper (we note that, to any given order O(g 2n ), 
which, with c determined by (126), would determine t 2 , t 4 , . . . . The renormalized coupling parameter would be
With renormalization at the point p = p ′ = P , the vertex is iG RP J(p, p ′ , P )ψ γ µ (1 − γ 5 )ψA µ . The ηηA vertex can be renormalized similarly.
Discussion and Conclusion
We have demonstrated that a theory in which the action possesses chiral and gauge symmetries has perturbative solutions with a nonzero gauge boson mass and, in our Case 1, nonzero fermion masses. Both the vector and axial vector couplings g and gf must be non-zero. But our treatment has left a number of issues unresolved.
The unitarity of the theory when the boson is unstable, discussed briefly in the Introduction, is one such issue [23, 24, 25, 26] . We note two points. (1) In the usual approach, the initial and final state vectors |i , |f of a matrix element S f i must represent physical states of stable particles at t → ±∞; consequently the unitarity argument for a Higgs boson mentioned in the Introduction, which involves W or Z bosons in initial or final states, cannot be valid.
(2) If, nevertheless, we apply the S-matrix reduction formula to an on-shell-renormalized diagram containing an unstable particle invalidly placed on an external line, we obtain a zero Smatrix element, since the projection operator for that particle, carrying a real mass (from L 0 ), would operate on a renormalized propagator containing a complex mass. Further, we could not make the usual physical interpretation of "in/out" state vectors -that is, particle-like states, quanta of real masses m i , in an LSZ formalism [22] , generated by fields denoted φ in , φ out in the stable-particle theory -in terms of physical particles with complex masses M i . We could make a physical interpretation only with the renormalized theory. We do not pursue these issues further in this paper; in particular, we do not discuss the unitarity of the model, especially since it is not a physical theory. We have relied on stable-particle perturbation theory (including LSZ reduction), just as is done in the usual treatment of the Standard Model, despite the presence of unstable particles.
We note that both the chiral and gauge symmetries of the original Lagrangian L are violated by our perturbative solution. Our procedure introduces fermion and possible gauge boson masses by adding and subtracting mass terms in L eff and then preserves these masses in perturbation theory by self-consistency conditions. Such a technique is evidently an ansatz for dynamical symmetry breaking. The Schwinger model [7, 8, 9] has already been mentioned, but this model lives in two spacetime dimensions, and its symmetry-breaking phenomena (anomalous chiral current, gauge boson mass, and confinement) are results of global topological effects induced by a chiral anomaly. Our model more closely resembles the four-dimensional NambuJona-Lasinio (NJL) model [38] , in that there is no confinement or topological effect. The NJL mechanism begins with a given massive gauge boson, which is coupled to a massless fermion;
if the gauge coupling is strong enough, a non-zero fermion mass is generated dynamically by the gauge-fermion coupling. In 3+1 dimensions, a gauge boson mass is required in any case to suppress gauge field fluctuations that would otherwise destroy the symmetry breaking. Our procedure begins with no mass of any kind. But the NJL model is helpful in that it suggests that our results here are not artifacts of perturbation theory.
The mechanism presented here has been used by one of us (A. 
